1. Introduction. Bockstein [6] , Cartan and Eilenberg [2] , Kelly [7] , Dold [8] and MacLane [5] , among others, have proved the Kiinneth Theorem for two chain complexes of abelian groups under various hypotheses. MacLane [4] proves an analogous theorem for three complexes and Bockstein [1] , [9] states and proves an analogue for n complexes (under unnecessarily strong hypotheses, as it turns out). The purpose of this paper is to prove, under relatively weak hypotheses, a multiple Kiinneth formula for n chain complexes of abelian groups (n ^ 2) which subsumes and, in part, extends all of these previous results.
If X1 and K2 axe (not necessarily positive) chain complexes of abelian groups such that H(Tox(Kl, K2)) = 0, then the Kiinneth Theorem states that there is a split exact sequence: in which the maps a and ß axe natural, but the splitting map y is not. Thus the homology of K1 ® K2 is the direct sum of the (left) derived functors of H(KX) ® H(K2). A proof is given in Dold [8] and Kelly [7] ; Cartan and Eilenberg [2] obtain the sequence, but not the splitting; MacLane [5] obtains the split sequence under the stronger assumption that one of the complexes is torsionfree.
In MacLane [4] the well-known description of the functor Tor (A, B) by generators and relations is extended to define a functor Tor(^4,ß, C) of three variables. Another functor Txip (A, B,C) is defined as a certain quotient of the direct sum TorL4,B) ® C ®Tox (B,C) ® A ® Tor (A, C) ® B and the following theorem is proved.
Triple Künneth Theorem. // X1, K2, and K3 are complexes of abelian groups, two of which are torsion-free, then then is a chain of subgroups: P0 cz Px czP2 = H(Kl ®K2® K3) for which there are natural isomorphisms of graded groups :
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T. W. HUNGERIORD [June 7/(X1)®/T(X2)®H(X3) S P0;
Trip(//(X'),i/(X2),H(X3)) S PJPo;
Tor(H(KX),H(K2),H(K3)) S P2/P,.
It is also shown that Trip and Tor are in fact the first and second (left) derived functors of the triple tensor product A ® B ® C. Although it is not proved there, it is in fact true that H(KX ® X2 ® X3) ^P0®PylP0® P2 /Pi, i.e., the homology of X1 ® X2 ® X3 is the direct sum of the (left) derived functors of H(KX)®H(K2)®H(K3).
Bockstein ([1] , [9] ) has extended these concepts by defining inductively for each k ^ 2 groups Tor(A1,---,Ak) and for each i (1 z% i *¿ n) groups Mult/yl1, •■■,A") (which is a certain quotient of the direct sum I,ToriAs',---,As')® A" ® ■■■ ® Ar"~\ the sum being taken over all permutations {s1; ---.s,, *•,,-•-,>•"_,■} of 1,•••,/. for which Sy < s2 < •■• < s¡ and rY < r2 < ■■• < rn_). It is stated and proved that for n torsion-free complexes Ky,--,K",
However, Bockstein's statement that the theorem is not true if only n -1 of the complexes is torsion-free is incorrect. [This statement is based essentially on an example in the case n -2; but the example is false (a minus sign is omitted in computing the boundary of X ® L).] As we shall show below an even stronger conclusion holds under considerably weaker hypotheses; furthermore we shall show that the functors Mult^X1, ■•■,A") are (after a change of indices) precisely the (left) derived functors of the n-fold tensor product A1 ® ••• ® A".
Hereafter we shall use the following terminology. For any given n ^ 2 we define the functor Mult"(Al,---,A") to be the ¿th (left) derived functor of the n-fold tensor product A1 ® ■■■ ® A", i.e.,
where for each r, Kr is a free resolution of Ar. In situations where no confusion can arise we shall often write Mult, in place of Mult,". The most general approach to the question is given by Cartan and Eilenberg [2] (and also in MacLane [5]). For any complexes K1,---,K" they define the so-called hyperhomology group ^(X1® •••® X") to be the graded group H(Kl ® ••• ® X"), where each Xr is a double complex projective resolution (in their sense) of the complex Xr (r = l,-,n) and the homology group is taken relative to the total differential in X1 ® ••■ ® K". Furthermore they show that there are two spectral sequences (denoted I and II) both converging to ££(K' ® ■ ■ ■ ® K"), and having the initial terms : l2p,q= Hp(Multnq(Kl,-,K")), II2,, = Z MultyH^K1), -,HPn(Kn)), where the sum is taken over all n-tuples (px,---,p") such that Z"=1pf = p.
In the case n = 2 [and hence Mult" = Tor] there is, for any two complexes of abelian groups X1 and K2, an exact sequence:
It is shown that if HÇTox^1, K2)) = 0, then ^(K1® K2) is naturally isomorphic to H(Ky ® K2) and the sequence (2) reduces to the usual Kiinneth sequence (1) .
No statement is made about either of the sequences (1) or (2) splitting.
In this paper we shall prove the following multiple Kiinneth formula, which generalizes the previous results for complexes of abelian groups and also shows the relationship between the hyperhomology group and the derived functors of the n-fold tensor product.
are chain complexes of abelian groups, then there is an isomorphism of graded groups:
where the second sum is over all n-tuples (px,---,p") such that Zr = iPr -k -i. The isomorphism is not natural; however, it induces natural maps f0: Mult0(H(X1),->//(X"))^^(X1® -® X"), and for 0 < i ^ n -1, /,: Mult?(ií(X1),-",.fí(X"))^Cokernel /_,. This is the same "total boundary" as (3).
It follows that in order to prove the theorem it will suffice to show that for any torsion-free complexes KX,---,K", there is an isomorphism of graded groups:
Fo if there is such an isomorphism and we apply it in the case of X1,---, X" (as above) then we obtain Theorem 1.1. We now proceed to prove the existence of the isomorphism (4). § § 2-4 are devoted to developing machinery for this purpose. Although the basic idea underlying the proof given in Bockstein [9] is substantially the same as the idea used here, his procedure and technique differ somewhat and his final result is considerably weaker.
2. Definitions and notation. We assume that the definition of a Bockstein spectrum and any necessary properties of spectra are known (see [3] )(x). An important example of a Bockstein spectrum is the so-called homology spectrum of a (not necessarily positive) chain complex X of torsion-free abelian groups. 
In the sequel we shall often denote the tensor product ß1®---®ß" (of groups, complexes, or spectra) by &)1=yB'.
(t) The concept of Bockstein spectrum (with somewhat different terminology) was first used by Bockstein and by J. H. C Whitehead [10] .
If u is a cycle of a complex X, | u | denotes its degree and n(u) denotes its homology class in H(K). If du = mû, then n(u ® lm) denotes the homology class of the m-cycle u ® lm in H(K,m). If K1, •••,K" axe chain complexes of torsion-free abelian groups, we define a grading on the spectra tensor product <g)?=1{H(X', m)} by defining the degree (of the class of) a generator 
where a is the homology product map given by
where a is the homology product (modm) and ô™ is the Bockstein connecting homomorphism induced by the exact sequence 0->Z-3Z->Zm-+0. A direct calculation, using (2), shows that for any feJ(i), dx(f) = Q; hence r,(xW) e H^U.IC).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Proof. If Zj e j(i)t(j)x(j) is a cycle of (®" = 1Xr);, then by (2) above we have for each (jx,---,j")eJ(i -1) a relation: Relation (4) shows that for every cycle T,JeJU)tiJ)xij) of (®r"=1 Xr),-the coefficients t(j) are completely determined by the integers t(j) with /e J(i). Thus in order to obtain a set of generators for the cycles of ((g)" = 1 Xr)¡, we proceed as follows. For each feJ(i), set i(J) = 1 and í(/) = 0 for7'e/(¿), j^;'; then use relation (4) above to determine the values of '(j) for jeJii) in order that HjejXi)t(j)x(j) be a cycle. But a careful examination shows that this is precisely how the elements x(J) [/e JQ)'] were defined above. In other words, {x(/) | 7 e /(/)} is a set of generators for the cycles of ( 0" = x Kr)¡.
The boundaries in (0" = i^r)¡ are generated by the images of the elements x(j) [j e J(i + 1)]. Since in each complex Xr (r = 1, •••, n) the boundary operator involves multiplication by pUr= pUi ■ pUr~Ui it follows that a necessary condition for an element H¡ B jXixtij)xif) to be a boundary is that p"' | t(j) for every j eJ(i). and <3x(l,/2, •••,/") = i>"'x(j). Since no smaller multiple of x(/)can be a boundary the conclusion of the lemma follows. Now for each i, 1 5Í i z% n, letj = il,j2,---,j,)eJii) and define ß/to be the group HxiK1,p"i)®HJ2iK2,pUi)® -® HJn(K",p'")= <g) Hjk(K\p^). This completes the proof of Theorem 3.1.
We remark that all of the constructions for products given for n -3 in the last part of [3] now carry over without difficulty to the case of arbitrary n.
A. The Universal Coefficient Theorem. The next step in the proof of Theorem 1.1 is to replace each of the homology spectra {H(Kr, m)} (r = 1,•••,«) with a suitable isomorphic Bockstein spectrum. We do so as follows.
Theorem 4.1 (Universal Coefficient Theorem).
If K is a chain complex of torsion-free abelian groups and A is an abelian group, then there is a split exact sequence:
5 P where a.\r\(u) ® a] = n(u ® a) for u e Z(K), ae A. The maps oc and ß are natural in X and A; the maps 5 and ß are natural in A (but not in K).
Except for the statement about the naturality of ä and ß (the proof of which can easily be supplied) this is just Theorem V.ll of MacLane [5] . If A is any abelian group and m > 0 is an integer, mA is the subgroup {aeA | ma=0}; we set 0A = 0. For m > 0 this is merely a restatement of Corollary 4.2 in a more convenient form. Co is the identity map on H(K)0 ® 0H(X) = H(K) 0 0 = H(K). Note that for m>0, C_1| ,"H(K) is the right inverse of ¿¿"(i.e., the map which splits the sequence in Corollary 3.2) and therefore £_1: mHp-x(K)-y Hp(K, m).
The collection {H(K)m \ m 5: 0} = {H(K)m} can be considered as a Bockstein spectrum with maps 2™* and /¿¡¡¡t induced by the identity map on H(K) and by multiplication by k in H(K), respectively. Similarly {míí(X)} is the Bockstein spectrum with maps %™k and ß™k induced by multiplication by k in H(K) and by the identity map on H(K), respectively. We would like to define maps X and p. on H(K)m ®mH(K) in such a way that it becomes a Bockstein spectrum. 
Let 1° : l/0 -» I7m (m > 0) be the composition :
Let /i™ : Um-y U0 (m > 0) be the map :
where t™ : mH(K) -» H(X) is the inclusion map ; note that /Z0m ¡s the zero map.
Finally let f0 = /tg identity on U0 = H(K). The proof of the first part is straightforward and is omitted. The last statement means that Ç commutes with the various X's and p's; it follows from the commutativity of the appropriate diagrams (and this depends on the naturality statement in Theorem 4.1). Note that the spectrum {H(K)m ® mH(K)} is not the direct sum spectrum {H(K)m} ® {mH(K)}. For the map po m this direct sum is given by 5. The Multiple Kiinneth Theorem. We wish to obtain a conceptual description of the derived functors Mult^A1,---^").
First, however, we need some notation. The symbols mA and A" have been used above. We now wish to "combine" these symbols in the following manner. If A is an abelian group and (m, n) is a pair of non-negative integers, one of which is zero and the other nonzero, we denote by mA" either the group mA (if m ^ 0) or the group A" = A ¡nA (if n ^ 0) as the case may be.
Suppose Oz^iSn and let J(i) be as above. If j =ijx,---,j")e J(0, Al,--,A" are abelian groups and m > 0 is an integer, then we denote by A\n ® A2U) ® ■•■ ® Anu) = (g)?.yArU) the group ;,m^ (l-;,)m® J2mAXy-j2)m® "' ® j"m^(l -J")m-'
If m = 0, we adopt the convention that jkmA\x _A)m = 0 if jk = 1, and = Ak if jk = 0. Then we can denote by {AXJ)} the Bockstein spectrum {jkmAkx^Jk)m}, which will be either the spectrum {mAk} ijk = 1) or the spectrum L4*} ijk = 0). We denote by {AlU)} ® L4<2-)} ® ■■■ ® {A'^} =<S>r = x{Ara)} the tensor product of these Bockstein spectra. (1)).
The subgroup E induced by the relations of the form (2) (in Definition 2.1) is the image of the group (where the first sum is over all n-tuples such that Z^ip. = k and the fourth over all n-tuples such that Z"«jjP, = k -i + 1). For each n-tuple ipy,---,p") we now apply Theorem 5.1 (and change the index i to i -1) and (2') becomes Z Multo(r/pi(X1),-,i/Pn(X"))0 Z Z Mult¡(/Tpi(X1),..-,/íp(Xn)) ¡ = i (where the first sum is over all n-tuples such that Z"= »p, = k and the third over all such that Z "= ypr = k -i). [Recall that the group E of (2') was originally defined on the homogeneous summands for each n-tuple (px,---,p"); hence in this case E = Z E(k).~\ If we sum over k, we have Finally we assert that the functors Mt\ltiiAi,---,An) defined inductively in Bockstein [9] (and denoted hereafter by B-Mult to avoid confusion) are in fact
